Abstract. Let be a distance-regular graph of diameter d, valency k and r := max{i | (c i ,
Introduction
First we recall our notation and terminology.
All graphs considered are undirected finite graphs without loops or multiple edges. Let be a connected graph with usual distance ∂ . We identify with the set of vertices. The diameter of , denoted by d , is the maximal distance of two vertices in . Let u ∈ . We denote by j (u) the set of vertices which are at distance j from u.
For two vertices u and v in with ∂ (u, v) = j, let The reader is referred to [1, 2] for more detailed descriptions of distance-regular graphs.
We denote by c(u, v), a(u,
Let ∅ = ⊆ . We identify with the induced subgraph on it. is called strongly
We say the condition (SC) q holds if there exists a strongly closed subgraph of diameter q containing any given pair of vertices at distance q.
Throughout this paper denotes a distance-regular graph of diameter d = d, valency k = k ≥ 3 and r ( ) = r . Let q be an integer with r + 1 ≤ q ≤ d − 1.
In [5] the author conjectured that if r ≥ 2, then η 1 := max{i | c i = 1} ≤ 2r + 2. Except for the remaining case (a 1 , a r +1 ) = (0, 1) this conjecture was proved by showing the existence of strongly closed subgraphs. A shorter and easier proof was given in [6] .
In [6, 7] we proved that if c q+r = 1, then (SC) q holds.
In this paper we investigate distance-regular graphs satisfying the condition (SC) q in order to resolved our remaining case.
The following are our results.
In [10] Koolen and the author improved the so-called Ivanov diameter bound. Their result
. Applying our theorem to this bound we have the following corollary.
Proof of the theorems
Let G be a connected graph. We define the n-subdivision graph of G, denote by (n) G, the graph obtained from G by replacing each edge by a path of length n. (
is the 3-subdivision graph 
Proof of Theorem 1:
We assume r + 2 ≤ q and prove that the condition (SC) q−1 holds. Then the assertion is proved by an easy induction. Let (u, v) be a pair of vertices at distance q − 1. Let
Then is a strongly closed subgraph containing u and v. We prove (a 1 , a r +1 , c r +s+1 ) = (0, 1, 1) . If s = 1, then no such exists from Lemma 7 (3). We have a contradiction. Suppose s = 2. Then (SC) r +3 holds, and thus (SC) r +2 holds from Theorem 1. Since b r +1 = b r +2 and a r +1 = a r +2 = 1, a strongly closed subgraph of diameter r + 2 is the 3-subdivision graph of a complete graph, or of a Moore graph from Proposition 6. In particular, we have r ∈ {3, 6}. This contradicts Lemma 7 (4).
We complete the proof of Theorem 2.
✷ Remark In the forthcoming paper [9] , we investigate a distance-regular graph which satisfies the conditions (SC) q and (SC) q+1 for some r + 1 ≤ q ≤ d − 1 and a strongly closed subgraphs of diameter q is a non-regular distance-biregular graph. We prove that such a graph is either the doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
We will be able to classify distance-regular graphs satisfying the condition (SC) q .
